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Simulating and validating the effects of slope frost heaving on 
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Abstract: The lining canals in seasonal frozen soil areas can be severely damaged by frost heaving.  The freezing and thawing 
contributes to the continual change of the temperature field and moisture field beneath lining canal, which will seriously affect 
the safe operation of the canal.  In order to study the frost heaving damage mechanism of lining canal and to solve the 
associated engineering problems, the permafrost body was regarded as an elastomer, and a three-field, coupled, partial 
differential equation describing the temperature, moisture and deformation fields for a saturated two-dimensional canal bed was 
derived and established based on the Harlan model.  The coupling equations were discretized using the finite element method 
in space and the finite difference method in time.  The parameters were simplified appropriately based on compliance with the 
actual conditions and were simulated using finite element software.  The results of a sample simulation showed that the 
simulated results and test results were basically consistent with variation laws, which proved the correctness of the numerical 
simulation theory and solution methods and the reliability of the calculation.  The model can simulate the water, heat and 
deformation issues in the side slope of saturated canal bed soil in a seasonally frozen area and forecast freezing damage in the 
canals. 
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1  Introduction  

The reality of the increasingly scarcity of global water 
resources has made water-saving research an important 
issue.  Frost heaving problems commonly occur in 
canals in seasonal frost areas and have seriously affected 
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the safe operation of canals. Scholars both at home and 
abroad have conducted many studies on frost heaving 
damage to canals[1-9].  The direct cause of frost damage 
in canal linings is frost heaving of the canal base soil[10].   
The coupled water, heat and force issues are the key 
problems in permafrost research and are also at the 
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forefront of international research in this area[11].  
Throughout the history of permafrost theory development, 
many scholars have proposed various models.  Harlan[12] 
first proposed water-thermal coupling concepts in 1973 
and established a water-heat coupling model in 
accordance with the principles of unfrozen water 
dynamics and energy conservation, which made him the 
founder of modern coupling analysis.  In 1978, Taylor et 
al.[13] and other scholars proposed the finite difference 
scheme to facilitate solutions based on the Harlan model.  
In 1987, based on this scheme, Shen et al.[14] proposed 
three-field coupling issues, including water (moisture 
field), heat (temperature field), and force (stress field), 
based on the Harlan hydrodynamic model and provided a 
simplified coupling model.  In 1989, An[15] and other 
scholars conducted a preliminary analysis of the 
water-heat coupling problems in the soil freezing process 
and provided examples.  Lai et al.[16] first derived the 
mathematical mechanical model and governing 
differential equations of the coupled problem of 
temperature-seepage-stress fields with phase change from 
heat transfer theory, seepage theory and frozen soil 
mechanics.  Masters et al.[17] investigated the coupling 
rule of soil deformation, fluid temperature and pore 
pressure by taking the temperature, pore pressure and soil 
displacement as initial unknown quantities.  Li et al.[18] 
established a heat-moisture-deformation coupling model 
based on the theory of equilibrium, continuity and energy 
principles of a multi-phase porous medium.  The force 
interactions between the soil skeleton and ice particles 
and the energy jump behaviours during the phase change 
between ice and water were considered in this model.  
Gens et al.[19] established a new mechanical model that 
encompasses frozen and unfrozen behaviour within a 
unified, effective-stress-based framework.  In recent 
years, studies of the three coupled field issues of frozen 
ground water, heat and force have been rich.  With the 
development of computer technology, more theoretical 
studies have focused on the coupling mechanisms of 
permafrost water, heat and forces and the application of 
the finite element method[20-23]. 

Canal lining damage occurs mainly because of large 
uneven displacements of the lining body that result from 

frost heaving of canal bed soil.  The lining is generally 
characterized by its small size, light weight and small 
binding force; these factors make the heaving force 
difficult to control and thus allow it to cause damage.  
Therefore, the displacement caused by frost heaving was 
chosen as the main control target[24].  Currently, there 
are few studies on the interactions among water, heat and 
the deformation of slope soil in canals.  In this study the 
side slope of the canal with the most unfavourable 
working conditions were selected as the analytical object.  
A model coupling water, heat and deformation of the 
saturated soil in the canal bed was created based on the 
viscous flow of liquid water in porous media, the 
principles of thermal equilibrium, and the foundation of 
moisture migration theory and frost heave mechanisms, 
which can provide a basis for frost heave forecasts of the 
canal base and for the anti-freezing design. 

2  Mathematical model 

2.1  Basic assumptions 
To facilitate solving the mathematical model, the 

following basic assumptions were adopted: 
1) The soil particles are incompressible and do not 

deform during the freezing and thawing processes.  Only 
volume changes caused by frost heaving of the soil 
moisture are considered. 

2) Only liquid water migration is considered; gaseous 
water migration is ignored. 

3) Heat conduction is considered; vapour convection 
is ignored.  

4) The soil is a homogeneous, isotropic elastic 
material, and the positive and water anisotropy 
coefficients, as well as the thermal conductivity in the 
thawing and permafrost soil, are constants.  

5) The impacts of soil salinity are ignored. 
6) The pore water seepage obeys Darcy’s Law.  
7) The impacts of external loads on the canal lining 

structure are excluded. 
2.2  Basic equations 
2.2.1  Heat transfer equation 

Based on the above assumptions, the frost heaving 
process can be approximately regarded as a         
very slow steady-state heat transfer process.  According 
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to the studies of Taylor and others on freezing and 
thawing processes, the heat conduction term is 2 to 3 
orders of magnitude greater than the convective terms.  
Therefore, if we ignore the influence of convection, the 
two-dimensional steady-state heat conduction equation at 
a given time is as follows[25]: 
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where, C is the soil volumetric heat capacity, J/(m3·°C);   
λ is the thermal conductivity, J/(m·s·°C); T is the 
temperature, °C; t is time, s; x is the horizontal coordinate, 
m; z is the vertical coordinate, m; L is the latent heat, 
334.7 kJ/kg; θw and θi are the moisture and ice contents, 
respectively, %; ρi is the ice density, kg/m3. 

The solution of the heat conduction equation should 
satisfy the boundary condition T(L, t) = TL, where L is the 
boundary of the freezing problem. 
2.2.2  Water field equation 

The moisture migration equation inside the saturated 
or unsaturated soil can be expressed as follows[15]: 
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The supplemental equation is 

GPw +=ψ                 (3) 

From the rigid pore saturated soil, we obtain 
nw + ni = n                 (4) 

where, ρw and ρi are the densities of water and ice, 

respectively, kg/m3; K is the hydraulic conductivity 

coefficient, cm/s; ψ is the soil water potential, Pa; Pw is 

water pressure, Pa; G is the gravitational potential, Pa; 

and nw, ni, and n are the volumetric water content, 

volumetric ice content and soil porosity, respectively, %. 

The gravity potential impact of water flow in the 

frozen layer is very small and can be ignored, and we can 

then obtain the following water field equation from 

Equations (2) and (3): 
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Substituting Equation (5) into Equation (1) and 

considering the moisture content of the freezing process 

as a function of temperature T, then Equation (6) can be 

obtained: 
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The equation used to describe the effects of stress in 

the soil is 

0

ln( )
ρ ρ

− =w i

w i

P P TL
T

            (7) 

In this calculation, when the soil is considered to be 

unloaded and the salt content is small and uniform, Pi =0, 

and Equation (7) becomes 

0
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             (8) 

where, T0 is the water freezing temperature, °C. 

2.2.3  Deformation field equation 

When the in situ moisture is frozen in the canal bed, 

the frost heaving stress incurred in a certain time period is 

0
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where, ε1 is the in situ stress caused by frost heaving; θ0 is 

the original water content; θu is the unfrozen water 

content; and T is the temperature at any time. 

In the open system, the amount of frost heaving 

caused by the input of outside water per unit time is 
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In this equation, ε2 is the frost heaving stress caused 

by the amount of outside water added to the system, and h 

is the original height of a certain point in the canal. 

Then, the total frost heaving stressε is 

1 2ε ε ε= +               (11) 

We can then calculate the total frost heaving of the 

canal surface based on the frost heaving stress. 

2.2.4  Coupling of the equations 

From Equations (1)-(11), we can obtain the following 

equations: 
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where, C  and λ  are the heat capacity and heat 

conduction coefficients, respectively. 
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In Equations (15)-(17), Tp and Tb are the upper and 
lower temperature boundaries, respectively, of the severe 
phase transition zone. 

Equations (1) to (17) are not convergent, which 
means that they cannot be solved analytically.  
Therefore, numerical methods must be used.  
Meanwhile, a relationship between the unfrozen water 
content and temperature is also needed: 

( )θ =w f T                (18) 

The migration of unfrozen water in the frozen soil 
occurs under the action of an uneven force (temperature 
gradient or potential gradient).  Tests have proven that 
after the soil freezes, not all the liquid water is converted 
into solid ice; there is always some liquid water 
surrounding the particles at a certain negative temperature.  
Additionally, there is always a particular dynamic 
equilibrium relation between the unfrozen water content 
of the frozen soil and the negative temperature[26], 
described as follows: 
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In Equations (19)-(21), T1 and T2 are the absolute 
values of the negative temperature for the corresponding 
unfrozen water contents of θ1 and θ2, respectively; a and 
b are constants related to the soil properties. 

The moisture migration of the frozen soil complies 
with Darcy's law[14], namely,  
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d
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where, dW is the moisture migration velocity or inflow 
speed (cm/s); K(θ) is the moisture migration factor, i.e., 

the hydraulic conductivity coefficient; and d
d
ψ
z

 is the 

soil water potential gradient, which is the driving force 
for migration and is directly reflected in the temperature 
gradient. 

Initial conditions: 
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Boundary conditions: 
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Given the initial conditions, the boundary conditions 
and the relationship between the unfrozen water content 
and temperature, the equation is a closed nonlinear 
problem, which can be solved numerically. 
2.2.5  Model solving 

There isn’t analytical solution for nonlinear problems, 
this problem can be solved using a combined finite 
element and finite difference method, where the finite 
element method is used for the spatial aspects, and the 
finite difference method is used for the temporal 
component.  Through discretization of the above 
mentioned heat conduction equation in accordance with 
the conservation law of the variable coefficient equation 
difference scheme, we obtained the following results: 

  
)()()

()(

,1,1,,11
2/1

1,

2/1
,1

2/1
,

2/1
1,1,

2/1
,

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

TTSTTRT

TBTTATT

−+
+
−

+++
+

+

−−−+−

−−=−
   (29) 

)()(

)()(
2/1

1,
2/1

,2
2/1

,
2/1

1,2

1
,1

1
,2

1
,

1
,12

2/1
,

1
,

+
−

+++
+

+
−

+++
+

++

−−−+

−−−=−
n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

n
ji

TTBTTA

TTSTTRTT
  (30) 

where, 

n
ji

n
ji

j Cx
A

,

2/1,
2

1
1 2

+

+Δ
Δ

=
λτ ; n

ji

n
ji

j Cx
B

,

2/1,
21 2

−

Δ
Δ

=
λτ  

1/2,
1 2

1 ,2
τ λ +

+

Δ
=

Δ

n
i j

n
i i j

R
z C

; 1/2,
1 2

,2
τ λ −Δ

=
Δ

n
i j

n
i i j

S
z C

 



188   March, 2017              Int J Agric & Biol Eng      Open Access at https://www.ijabe.org               Vol. 10 No.2 

n
ji

n
ji

j Cx
A

,

2/1
2/1,

2
1

2 2

+
+

+Δ
Δ

=
λτ ; n

ji

n
ji

j Cx
B

,

2/1
2/1,

22 2

+
−

Δ
Δ

=
λτ  

1/2
1/2,

2 2
1 ,2

τ λ
+
+

+

Δ
=

Δ

n
i j

n
i i j

R
z C

; 
1/2
1/2,

2 2
,2

τ λ
+
−Δ

=
Δ

n
i j

n
i i j

S
z C

 

2
1 1 1( ) / 2+ + +Δ = Δ Δ + Δj j j jx x x x        (31) 

      
2

1( ) / 2+Δ = Δ Δ + Δj j j jx x x x         (32) 

Similarly, 

2/)( 11
2

1 jjjj zzzz Δ+ΔΔ=Δ +++        (33) 

2
1( ) / 2+Δ = Δ Δ + Δj j j jz z z z         (34) 

, 1/2 , 1/2( )λ λ+ +=
n n
i j i jF , , 1/2 , 1/2( )λ λ− −=

n n
i j i jF  

1/2 1/2
, 1/2 , 1/2( )λ λ
+ +

+ +=
n n
i j i jF , 

1/2 1/2
, 1/2 , 1/2( )λ λ
+ +

− −=
n n
i j i jF  

Similarly, 

)( ,2/1,2/1
n

ji

n
ji F −− = λλ , )( ,2/1,2/1

n
ji

n
ji F ++ = λλ  

)( 2/1
2/1,

2/1
2/1,

+
+

+
+ = n

ji

n
ji Fλλ , )( 2/1

,2/1

2/1
,2/1

+
+

+
+ = n

ji

n
ji Fλλ  

where,
 

n
jiF , , n

jiF 2/1, − , n
jiF 2/1, + , 2/1

,
+n
jiF , 2/1

2/1,
+
−

n
jiF  and 2/1

2/1,
+
+

n
jiF  

are the calculated temperature values on the right hand 
side of the difference equation, which can be expressed as 

)( ,,
n
ji

n
ji TFF = , )( 2/1

2/1,
2/1
2/1,

+
+

+
+ = n

ji
n
ji TFF  

similarly, we can obtain the expressions of n
jiF 2/1, − , 

n
jiF 2/1, + , 2/1

,
+n
jiF  and 2/1

2/1,
+
−

n
jiF . 

To simplify the calculation process, this study uses an 
equidistant grid, and the step size is equal in the x and z 

directions, as follows: jj xx Δ=Δ +1 ; ii zz Δ=Δ +1 ; 
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From Equation (30), we obtain 
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The coefficient matrix of the differential Equations 
(35) and (36) is mainly a tridiagonal coefficient matrix.  
We can use the chasing method to solve the unknown 
temperature values at each time layer.  Then, we can 
determine the new boundary conditions, based on a 
real-time temperature value solution, to solve for the 
water distribution and total frost heaving value of the 
canal slope surface. 

3  Model verification 

3.1  Model test introduction 
The “North Conveyance” Wubei section canal project 

of the Heilong River was chosen as a case study.  The 
actual situation of the pilot project was combined with the 
field test section as a prototype to conduct the indoor 
model test.  By simulating the natural frost and melting 
process with decreasing and increasing temperatures, we 
can study the damage conditions of protective 
prefabricated concrete slope panels in response to 
freeze-thaw cycles to provide the necessary data and 
references for further numerical simulation.  The model 
profile and cross-section observations are shown in 
Figure 1. 

 
Figure 1  Model profile of prefabricated concrete slope protective 

panel 
 

According to the process of temperature changes on 
site, the temperature of the test environment is controlled 
in the range from –24.0°C to 20°C.  The laboratory- 
simulated freeze-thaw cycle temperature control is 
simplified into the following four phases: the temperature 
decrease phase, the low-temperature stabilization phase, 
the temperature increase phase and the high-temperature 
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stabilization phase (see Figure 2).  To simulate the 
underlying warm soil layer temperature of the natural soil, 
the floor temperature was controlled after the test began 
in accordance with the test experience, and the 
temperature was set at 3.0°C. 

 
Figure 2  Testing temperature control process curve 

 

3.2  Comparative analysis of numerical simulation 
and experimental results  

To better compare the calculation results with the 
indoor model test results, this paper uses the ABAQUS 
software to simulate the changing process of freezing and 
thawing in the canal’s temperature field, conducts a 
comparative analysis with the indoor model test results, 
and compares the calculation results of the water field 
and deformation field.  Numerical simulation of the 
finite element model is shown in Figure 3. 

 
Figure 3  Canal finite element grid drawing 

 

3.2.1  Initial conditions and calculation parameters 
1) Initial conditions:  The initial boundary conditions 

are important factors that affect the temperature field.  
Boundary conditions can be mainly divided into three 
categories. 

The first category is known as the temperature 
boundary condition, namely, the temperature value or 
temperature function on the boundary is given explicitly 
and can be expressed by the following formula: 

Boundary ( , )=T f r t             (37) 

In the second category, also known as the heat flux  

boundary condition, the given heat flux of a certain area 
can be expressed by the following formula: 
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The third category, known as the convective heat 
transfer boundary condition, can be expressed by the 
following formula, given the changes of ambient fluid 
temperature T* with time and the convective heat transfer 
coefficient: 
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This study adopted the thermal boundary condition, 
which is widely used in engineering.  The upper 
boundary had a convective boundary condition, for which 
the temperature control process line is the ambient 
temperature control curve shown in Figure 2.  The 
vertical temperature on the two sides exhibited a heat flux 
boundary condition, where the heat flux was zero; the 
bottom line exhibited a constant temperature boundary 
condition, and the temperature was controlled to be 
3.0°C. 

2) Calculation parameters: The latent heat of a phase 
change is only relevant when the phase change occurs.  
The phase change interval of this simulation is taken to be 
from –0.3°C to 0.01°C; the latent heat of the phase 
change in the soil is 334 700 J/kg; the convective heat 
transfer coefficient is 4.74 W/m2·°C; and the material 
calculation parameters are shown in Table 1. 

 

Table 1  Calculation parameters of the model 

Material Parameters Positive temperature Negative temperature

Soil body 

ρ 1940.00 1940.00 

C 1174.70 1585.90 

λ 1.54 1.83 

Prefabricated 
concrete slab

ρ 2400.00 2400.00 

C 840.00 840.00 

λ 1.86 1.86 

Sand gravel 
cushion 

ρ 1800.00 1800.00 

C 920.00 920.00 

λ 1.86 1.86 

Note: ρ is density, kg/m3; C is heat capacity, J/(kg·°C); λ is thermal conductivity, 
J/(m·s·°C). 
 

3.2.2  Comparative analysis of the temperature fields 
A comparative analysis of the temperature fields is 

shown in Figure 4.  The temperature field cloud 
simulated by ABAQUS basically coincides with the 
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temperature field changes obtained from the experiment.  
The change trend of the simulated temperature field is 
largely the same as the temperature change trend in the 
results of the simulated experiments, namely, there was a 
unidirectional freeze process but a two-way thawing 
process, which is in accordance with the previous 
research results[15].  However, because the laboratory 

test conditions cannot be simulated completely, as there 
were some uncontrollable factors, there will always be 
some differences between the two. 
3.2.3  Comparative analysis of the water field 

A comparative analysis of the water field at the top 
position of the canal after the test was finished is shown 
in Figure 5. 

 
a. Simulated temperature diagram at the beginning of the test b. Actual tested temperature diagram at the beginning of the test 

 
c. Simulated temperature diagram at the deepest frost d. Actual tested temperature diagram at the deepest frost 

 
e. Simulated temperature diagram at the end of the test f. Actual tested temperature diagram at the end of the test 

 

Figure 4  Comparative analysis of the temperature fields 

 
a. Simulated water content diagram at the end of the test  b. Actual tested water content diagram at the end of the test 

 

Figure 5  Water content diagram during the freeze-thaw process at the canal top 
 

As shown in Figure 5, the trends in the changes in the 
numerically simulated water field and test results are 
roughly the same, water distribution present that the top is 
big and the underside is small in the vertical direction.  

During the unidirectional freezing process, the 
temperature gradient destroys the moisture balance of the 
canal bed, causing the water field to redistribute.  The 
moisture migrates from the warm side to the cold side of 
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the soil, and the temperature gradient at the top of the 
canal is greater than the temperature gradient at the lower 
portion.  Therefore, the migration is obviously closer to 
the top of the canal, which thus gives the water content in 
the upper canal bed soil a certain advantage over the 
lower soil water content before freezing.  During the 
melting process, the water infiltration decreases the 
moisture content, but this moisture content remains 
greater than the initial ones.  Thus, it can be concluded 

that the temperature gradient is the direct driving force 
for moisture migration.  The unfrozen moisture migrates 
along the direction of lower temperatures due to the 
temperature gradient effect, and the larger the 
temperature gradient is, the greater the amount of 
migration.  This result is consistent with literature [20]. 
3.2.4  Comparative analysis of the deformation field 

A comparative analysis of the canal slope’s 
deformation is shown in Figure 6. 

 
a. Simulated deformation curve  b. Actually tested deformation curve 

 

Figure 6  Deformation curves of freezing and thawing of the canal slope 
 

The simulated deformation curve of the freeze- 
thawing process in Figure 6 is basically coincident with 
the tested deformation curve.  The main difference is 
that there is no frost shrinking phenomenon at the 
beginning because the numerical simulation does not 
consider the expansion and contraction of soil particles.  
The maximum frost heave of canal slope appears in the 
1/3 slope height and 1/2 slope height, which is 
consistent with the calculated results of literature[27].  

The agreement of the simulation results with the 
experimental results verifies that the frost heaving 
theory is equally applicable in the canal project and in 
the rationality of using the frozen quantity calculation 
formula.  Through a freeze-thaw cycle, the heaving of 
the canal slope is greater than the thawing settlement, 
and the slope structure exhibits residual frost and 
uneven deformation, which results in uneven frost 
damage of the prefabricated concrete slope protection 
board.  Photographs of some of the damage due to 
uneven frost accumulation are shown in Figure 7.  The 
test results are coincident with the channel frost heaving 
damage phenomena. 

 
Figure 7  Uneven frost damage phenomena 

4  Conclusions 

1) The interaction of the canal bed soil moisture field, 
temperature field and deformation field during the soil 
freezing process is an extremely complex issue involving 
thermal, physical, chemical and mechanical factors.  
Based on the Harlan model, the permafrost soil was 
considered as an elastomer to derive and establish a 
coupling equation for the temperature field, moisture field 
and deformation field in a saturated two- dimensional 
canal bed and proposed numerical solutions. 

2) Based on complying with realistic conditions, the 
parameters were simplified for the simulation using finite 
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element software.  The change laws of the simulated and 
experimental results are consistent, and the damage 
modes are consistent with the field surveys.  These 
results show the correctness of the numerical simulation 
theory and solution methods as well as the reliability of 
the calculation results. 

3) This study has considered the most unfavourable 
operating conditions, with the canal bed soil in a saturated 
state, but has ignored the effects of the pore volume.  
Due to the limitations of the test conditions, the more 
complex coupling relationship of the water, temperature 
and deformation in the canal bed’s unsaturated slope soil 
will require further study. 
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